We present a generalized mathematical model for thermal oxidation and the growth kinetics of oxide films. The model expands long-standing classical models by taking into account the reaction occurring at the interface as well as transport processes in greater detail.
I. Introduction
The purpose of this paper is to present a generalized mathematical framework for understanding the growth of oxide films by transport processes taking place in the oxide layer, and oxidation reactions at the oxide-material interface. The term "material' here represents any underlying materials (metals or metalloids) under consideration. Such transport processes and oxidation reactions at the interface have important roles in forming oxide films, i.e., a "corrosion" process accompanied with undesirable mass loss of the material that is mathematically similar to the "solute precipitation" process.
1,2 A layer of oxide film can be formed naturally under certain conditions and provide the underlying material protection against further corrosion.
Fundamental description of oxidation was laid down in early 1900 3 by Tammann and
Pilling and Bedworth. 4 They established the classical parabolic oxidation rate law that modern oxidation theory is based upon. 5, 6, 7 In classical oxidation theory, the oxidation mechanism considered the diffusion of a chemical species (mainly oxygen) through the oxide layer as the rate-limiting process. The kinetics of oxide formation under the diffusioncontrolled condition was later described by Rhines, 8 Darken, 9 and Wagner 10, 11 that leads to a parabolic rate law. This simple model, though not able to predict oxidation behavior in all practical applications, nonetheless remains very useful for understanding its most important features and gaining essential knowledge for more complex systems.
Thermal oxidation refers to a process to produce a thin layer of oxide on the surface of given material. For example, it is the process used to generate a thin silicon dioxide layer on the surface of silicon, with numerous applications in the silicon-dominated semiconductor industry. The associated chemical reactions are 2 2 Si O SiO + → for dry oxidation and ii. Diffusion of the oxidizing agent through the oxide towards the oxide-material interface;
iii. Chemical reaction of the oxidizing agent with the reactive element at the oxide-material interface.
Steps ii and iii are demonstrated in Fig. 1a . Continuous production of oxide from the reaction leads to a moving interface at a velocity of s V . It is well known that for many oxidation processes, particularly for thick oxide films, the rate of oxide growth follows the parabolic law, 
The solution to differential Eq. (2) leads to the linear-parabolic growth law.
The Deal-Grove model has been widely accepted since 1965, and has been shown to be accurate over a wide range of temperatures, oxide thickness, and oxidant partial pressures.
Despite its success, the validity of the Deal-Grove model has been a subject of continual discussion. 16, 17, 18, 19 In particular, there are modeling 17 and experimental studies 20 suggesting that a logarithmic rate law more generally provides a better description for thermal oxidation, which led to the reexamination of the Deal-Grove model presented in this paper. By relaxing the quasi-static diffusion assumption in the original Deal-Grove model, the new model naturally leads to the logarithmic (or power depending on the stoichiometry coefficient m) law at the early oxidation stage, followed by the parabolic law at long oxidation time.
The current model was developed for oxide growth due to reaction at and movement of the material-oxide interface. However, conceptually, the same model can be extended to oxide growth at the gas-oxide interface (as described in Fig. 1b) , if the physical processes and their governing equations are the same as the growth at the material-oxide interface.
II. Generalized mathematical framework for thermal oxidation
The generalized mathematical model provides the governing equations of the moving interface problem for thermal oxidation. The simplest thermal oxidation model includes the diffusion of oxidant species in the oxide, and the chemical reactions at the oxide-material interface. The dynamics of the moving interface during oxidation is a result of the competition between the transport of oxidant to the interface and the consumption of the oxidant due to the oxidation reaction at the interface. The system of equations for thermal oxidation first includes the transport equations for oxidant species:
where ( ) 
where k is the interface reaction rate constant and 
where the concentration is normalized by ρ 
III. Analytical solutions for 1D diffusion-controlled oxidation (infinite a D )
It is useful to first consider the analytical solution available to the 1D diffusion-controlled case, i.e., where the dimensionless ratio between reaction and diffusion rates a D → ∞ . In this case, the original Eqns. (6)- (7) are reduced to
The interface oxidant concentration is reduced to
and the interface velocity is ( )
Analytical solution to Eqs. (8)- (10) can be found as
where X is the non-dimensional oxide thickness. It is clear from this relationship that diffusion-controlled oxidation follows the parabolic rate law. The parabolic constant γ can be determined from the relevant boundary conditions using:
It is worth mentioning that for oxidation with sufficiently long duration, the interface oxidant concentration o c − keeps decreasing and eventually approaches zero due to the thickening of the oxide layer and consequently longer distance that the oxidant has to travel to the interface. Therefore, oxidation with finite a D will eventually enter the diffusioncontrolled regime and follow the parabolic rate law for sufficiently long oxidation time. The issue addressed by the present study is to determine the oxidation rate for the transitional period before entering the diffusion-controlled regime, and how long it takes for the transition to complete.
IV. Solutions for 1D oxidation with finite a D
It is not trivial to solve Eqs. (6) and (7) with a finite dimensionless number a D . As depicted in Fig. 2 , we first introduce the following relationships between the interface values and the interface velocity through a straightforward differential analysis,
Similarly, other higher order derivatives at the interface can be obtained in the same fashion,
By substituting the interface values into the interface conditions (Eq. (7)), we arrived at the equations for interfacial concentration and corresponding derivatives for oxidant concentration up to the third order,
o s c mv x 
( )
In principle, any higher order concentration derivatives ( 
This can be further rewritten in terms of s v ,
and 
The analytical solution to Eq. (28) can be found as X t t ∝ .
3) As shown in Fig. 3 , a typical oxidation process can be divided into three distinct regimes, i.e., the reaction-controlled linear regime ( 
V. Comparison of Oxidation Models
with initial condition ( ) It was confirmed that the logarithmic growth law is more general than the linearparabolic law in comparison to the experimental results for the entire oxidation regime for the growth of silicon oxides by dry oxidation. 17 For a relatively thin oxidation layer or a short oxidation time, the fast oxidation is more likely controlled by the combination of both reaction and transport processes (namely oxidation falls in the transition regime), instead of either a pure reaction-controlled or diffusion controlled process. The present model provides the potential theoretical foundation for describing the transitional oxidation behavior by complementing the linear-parabolic rate law. It is also certainly interesting to apply the proposed model to materials other than silicon, where the major oxidation mechanism can be described by the competition between the oxidation reaction and transport processes. 
VI. Conclusion
mol L Oxidant concentration at gas-oxide interface between interface values and interface velocity (Eqs. (15) and (16)). 
